We prove monotonicity of a parabolic frequency on manifolds. This is a parabolic analog of Almgren's frequency function. Remarkably we get monotonicity on all manifolds and no curvature assumption is needed. When the manifold is Euclidean space and the drift operator is the Ornstein-Uhlenbeck operator this can been seen to imply Poon's frequency monotonicity for the ordinary heat equation. Monotonicity of frequency is a parabolic analog of the 19th century Hadamard three circles theorem about log convexity of holomorphic functions on C. From the monotonicity, we get parabolic unique continuation and backward uniqueness.
Introduction
Bounds on growth for functions satisfying a PDE give crucial information and have many consequences. One of the oldest bounds of this type is Hadamard's three circles theorem for holomorphic functions. For elliptic equations, such as the Laplace equation, Almgren proved the monotonicity of a frequency function that measures the rate of growth, [A] . Almgren's frequency played a fundamental role in his regularity results, [A] , and other areas; see, e.g., [GL] , [Lo] . Almgren's frequency was generalized to the heat equation by Poon, [P] , who proved the monotonicity of a parabolic frequency function. The results of Almgren and Poon rely heavily on the scaling structure of R n (cf. [CM1] ) and do not extend globally to general manifolds. Here we prove a very general monotonicity for drift heat equations on any manifold and show that this general monotonicity implies the earlier one. Part of the strength is the simplicity of the argument yet the power of the consequences.
Suppose that (M, g) is a Riemannian manifold. Let φ : M → R be a smooth function and define an operator L φ (drift Laplacian) on vector-valued functions u : M → R N by
These operators play an important role in many parabolic problems; see, e.g., [CM2] , [CM3] . The prime example of L φ is where M = R n with the flat metric, φ = |x| 2 4 and L |x| 2 4 u = ∆ u − 1 2 ∇u, x is the Ornstein-Uhlenbeck operator. We let L 2 φ and W 1,2 φ be the spaces of square integrable R N -valued functions and Sobolev functions with respect to the weight e −φ . It follows from (0.1) that L φ is self-adjoint on W 1,2 φ with respect to the weighted volume
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Observe that with our convention U is always non-positive.
The next theorem is a parabolic version of the classical Hadamard's three circle theorem 2 for holomorphic functions:
Theorem 0.6. When (∂ t − L φ ) u = 0, then (log I) ′ (t) = 2 U(t) and log I(t) is convex so U ′ ≥ 0. Moreover, when U is constant, then u(x, t) = e U t u(x, 0) and u(·, 0) is an eigenfunction of L φ with eigenvalue −U.
Poon, [P] , proved a monotonicity that can be shown (see Section 1) to follow from the special case of Theorem 0.6 when M = R n , N = 1 and φ = |x| 2 4 . His monotonicity holds on manifolds with non-negative sectional curvature and parallel Ricci curvature which are exactly the assumptions needed to generalize Hamilton's work, [H1] , [H2] , from Euclidean space to manifolds. 3 In contrast our monotonicity holds on any manifold and no curvature assumption is needed.
Theorem 0.6 has the following immediate consequences (recall that U is non-positive):
In particular, if u(·, b) = 0, then u ≡ 0.
Proof. By Theorem 0.6
Equation (0.8) can be thought of as a bound for the vanishing order at ∞ whereas the second part is a version of backward uniqueness. The first part implies strong unique continuation at ∞. That is, if u vanishes to infinite order at ∞, then it vanishes. We say that u : M × (a, ∞) → R vanishes to infinite order at ∞ if lim t→∞ e c t I(t) = 0 for all constants c.
Suppose more generally u satisfies the equation:
Where φ is as above and λ = λ(t) is a function depending on t only. By considering v(x, t) = e − t a λ(s) ds u(x, t) and observing that v satisfies (0.1). It follows that our results apply to v and hence we get a monotonicity for u.
Our results holds also for more general operators (cf. [ESS] , [W] 
and C(t) is allowed to depend on t; see Theorem 2.10 and Corollary 2.15.
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Parabolic frequency on manifolds
Proof. (of Theorem 0.6). Calculating and integrating by parts gives
By (1.1) and the definition of U we get
Therefore, using (1.1), (1.2) and (0.4)
Here the inequality follows from the Cauchy-Schwarz inequality. Finally, from this we get
When U is constant U ′ = 0 and we therefore have equality in the Cauchy-Schwarz inequality (1.4). It follows that
Next to evaluate c we observe that by the second equality in (0.4)
It follows that c(t) = U and L φ u = U u. If we set v(x, t) = e −U t u(x, t) , (1.8) then we have that
(1.9) From this the second claim follows.
There is a natural correspondence on R n between solutions of the ordinary heat equation and solutions of the drift heat equation: Given u :
We have the following:
Lemma 1.10. The function w : R n × (−∞, 0) → R defined as above satisfies
Proof. To prove (1.11), we use the chain rule to get
( 1.15) Combining (1.13)-(1.15) gives (1.11).
Poon, [P] , considered solutions u : R n × (−∞, 0) → R to the ordinary heat equation on Euclidean space. He showed a monotonicity that is easily seen to be equivalent to that s → log H(e 
Proof. First we rewrite D as follows
Differentiating I(t) and rewriting gives
Differentiating D(t) and integrating by parts gives
Combining (2.6) and (2.8) and using the Cauchy-Schwarz inequality, (0.11) and the elementary inequality (a + b) 2 ≤ 2 (a 2 + b 2 ) gives
Dividing both sides by I 2 (t) gives the first claim. The second follows from the first.
This leads to the following generalization of Corollary 0.7: C .
Proof. It follows from (2.5), the Cauchy-Schwarz inequality and the elementary inequality a ≤ 1 2 (a 2 + 1) applied to a = √ −U that
From this we get that C .
Recall that that u : M ×(a, ∞) → R N vanishes to infinite order at ∞ if lim t→∞ e c t I(t) = 0 for all constants c. Theorem 2.10 implies the following strong unique continuation at ∞: Corollary 2.15. Suppose that sup C + ∞ a C 2 (s) ds < ∞ and u : M × [a, ∞) → R N is a solution of (0.11) that vanishes to infinite order at ∞, then u vanishes.
This corollary implies the unique continuation of Poon, [P] , who considered functions u on R n into R with (2.16) where |b| + |c| ≤ C is uniformly bounded (cf. [L] ). We will see that the results here apply more generally to functions u satisfying the differential inequality |u t − ∆u| ≤ C (|u| + |∇u|) . In this case we get better estimates when U(a) is small. It follows from (2.9), with obvious simplifications in the second to last inequality from using (2.19) in place of (0.11), that U ′ ≥ C 2 2 U or, equivalently, 
